We develop a numerical approximation method for valuing multivariate contingent claims. The approach is based on an n-dimensional extension of the lattice binomial method. Closed-form solutions for the jump probabilities and the jump amplitudes are obtained. The accuracy of the method is illustrated in the case of European options when there are three underlying assets.
tracts. In these situations the short has the choice of which of several assets to deliver in order to fulfill the terms of the contract. The analysis of this cbeapest to deliver option involves the consideration of options on the minimum of several assets.
In most cases involving options on several assets it is not difficult to derive the general partial differential equation that the option price obeys. This differential equation can be solved in some specialized situations. Stulz (1982) derived closed-form solutions for certain types of European options when there were two underlying state variables. A number of authors 2 have derived closed-form solutions in terms of multivariate normal integrals for European options on the maximum or the minimum of n underlying assets. However, these solutions cannot accommodate the early exercise feature of American options. This can be accomplished by solving the resulting partial differential equation numerically, but when more than two assets are involved the computations become excessively burdensome.
In the case of just one asset, the lattice binomial approach pioneered by Cox, Ross, and Rubinstein (1979) (CRR) has proved to be a powerful and flexible method for valuing American options. Boyle (1988a) recently developed an extension of the CRR procedure for option valuation in the case of two assets, which can be used to handle American options and cash dividends.
The aim of our article is to develop a valuation model for contingent claims involving several underlying assets using a generalized lattice framework. The method is close in spirit to the CRR method. In Section 1 we provide an overview of the approach used. Under certain assumptions the value of a contingent claim satisfies a partial differential equation. We indicate how solutions to this equation may be obtained by modeling the evolution of the underlying asset prices in a discrete-time setting. Section 2 shows how an explicit solution can be obtained in the case of two underlying assets. The key idea is to choose jump sizes and jump probabilities so that the characteristic function of the discrete distribution converges to that of the continuous distribution. Broadly speaking, this can be done in one of two ways. We follow the approach taken by CRR, in which we define the jump sizes as they do and choose the probabilities to match characteristic functions. An alternative approach would be to fix the probabilities (e.g., the probability of an up-jump = .5 = probability of a down-jump in the one-asset case) and then determine jump sizes to ensure convergence. There may be slight advantages of one approach over the other, but the practical differences are probably small. In Section 3, a number of numerical examples are provided for European options involving three underlying assets. The accuracy of the method can be assessed by comparing the option values computed by our procedure with the exact values obtained by an independent approach.
The Valuation Method
This section provides an overview of the approach. We start with the general valuation equation for a derivative security when there are several underlying assets. We indicate how a discrete-time, lattice approach can be developed to obtain the current price of the derivative asset.
The general valuation equation for a security that depends on n underlying assets was derived by Cox, Ingersoll, and Ross (1985) and also by Garman (1976) . Assume that the price of each asset follows a diffusion process.
where r = r(t) is the current riskless rate. In this article we assume that r is a constant. We also assume that are constants. Both Cox and Ross (1976) and Harrison and Kreps (1979) showed that the no-arbitrage value of a contingent claim can be obtained by replacing the drift terms the risk-adjusted drift terms and discounting the expected value of the claim at the riskless interest rate. In view of Equation (3), this assumption is equivalent to assuming that each of the underlying assets has an expected rate of return equal to the riskless rate. Cox, Ross, and Rubinstein (1979) used this technique in the case of options on a single asset to develop a flexible valuation method. They approximated the continuous lognormal distribution with a discrete distribution using a multiplicative binomial lattice. A grid of possible asset prices was computed assuming that the asset earned the riskless rate. The current value of an option was obtained by discounting its expected terminal value at the riskless rate.
To extend the CRR approach to several assets we proceed as follows. First, we construct a discrete probability distribution to approximate the
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multivariate lognormal distribution. This discrete distribution converges to the lognormal distribution as the length of the time step tends to zero. The procedure is similar to that used in the CRR method, except that we now have n assets to contend with. We assume that at the end of each time step each asset price can move up or down so that after one time step there will be 2 n states. Second, we value the contingent claim in this discrete setting by discounting its expected terminal value at the riskless rate. Third, we obtain the value of the contingent claim to the desired degree of accuracy by reducing the size of the time interval. We refer to the recent paper by Omberg (1988) , which provided the regularity conditions necessary to ensure convergence of the discrete approximation to the true option price.
In this section we extend the CRR binomial approach for one asset to the case of several assets. It is convenient to first give the details for two assets and present the results for the n-asset case later. The method used to approximate the bivariate lognormal density by a discrete distribution generalizes readily to the n-dimensional case.
Consider two assets with current prices S 1 , and S 2 . Assume these prices have a bivariate lognormal distribution. Over a small time interval we approximate this distribution with a four-jump discrete distribution. It is convenient to use the following notation:
The continuous return distribution is approximated by the four-jump process shown in Table 1 . Note that we have employed two methods of representing the jump probabilities. Thus p l is convenient for writing out the formulas, while is more suggestive of the underlying dynamics.
After one time step, the two assets wish starting prices (S 1 , S 2 ) can have four possible values represented by (S 1 , S 2 ). For convenience we will require that in analogy with CRR. We will determine the probabilities 4) by requiring that the four-point discrete distribution converge to the corresponding continuous distribution in the limit as h tends to zero.
It is convenient to use the normal distribution rather than the lognormal distribution, because we will be using the moment-generating function, and this function has a simple form in the normal case.
3 Hence, we transform the variables of the discrete four-point distribution to new variables using a log transformation. Thus we define
We note that the probabilities given by Equations (11 a to 11 d ) will all be nonnegative if the time step b is sufficiently small. We can ensure that this is the case by increasing N, the number of time steps. As N is increased, the probabilities tend to either (1/4) (1 + ρ) or (1/4) (1 -ρ). Both of these limits are nonnegative.
We now present the corresponding discrete approximation for the n-dimensional multivariate lognormal distribution. It turns out that we also are able to obtain exact expressions for the probabilities, p in this case.
The notation corresponds to that introduced earlier in the section except that we have n assets so that i runs from 1 to n. In analogy with the twodimensional case we assume that after one time step h each asset can take either an up-jump or a down-jump. This means that there will be 2 n possible values for the n assets after time h. We define u i , and d, as in Equations (4) and (5). As before, we use the characteristic functions of the discrete distribution and its continuous counterpart to ensure convergence of the two distributions. The development parallels that of the two-dimensional case. After some algebra we obtain a set of linear equations for the jump probabilities.
Corresponding to Equation (10 a ), we obtain where M = 2 n is the number of distinct states after one time period h. Corresponding to Equation (10 b ), we now have a set of ((n 2 -n) /2) equations, one for each There are now n equations instead of the two equations (10 c ) and (10 d. ) where if asset k has an up-jump (down-jump) in state j In total, Equations (12), (13), and (14) constitute a set of ((n 2 + n + 2)/2) equations for the 2 n unknown p's. For n = 1 and n = 2 the number of equations is exactly equal to the number of unknowns. For n ≥ 3 the number of unknowns exceeds the number of equations so that there is theoretically an infinite number of solutions. However, we can write down an exact solution that is suggested by the symmetry of the expressions obtained in the two-dimensional case. 4 This solution is It can be verified by direct substitution that the probabilities given by Equation (15) do indeed satisfy Equations (12), (13), and (14). Our solution technique does not guarantee that these probabilities will be all positive, so this must be checked in each application.
Numerical Examples
The numerical procedure is very similar to the CRR algorithm. First, a lattice of future asset prices is generated at each time step until the boundary is attained. In the case of an option whose payoff depends on the values of n assets, we know its value at expiration in terms of the prices of these n assets. The option value one period earlier can be computed as in the CRR framework by discounting the expected option value at the riskless rate. Dividend payments and early exercise can be readily accommodated at each lattice node. The current option value can be obtained by working recursively backward through the lattice.
In this section we present some numerical examples to illustrate the method. We compute the values of European options when there are three underlying assets. For most of our examples accurate option prices can be obtained using numerical integration, and this permits us to examine the speed of convergence. In these examples, we assume Table 2 shows the results for a range of European options. We evaluate options on the maximum, the minimum, the geometric average, and the arithmetic average of the three underlying assets. Note that as the number of time steps increases the computed option values tend toward the accurate figures. The accurate figures for the options on the maximum and the minimum were obtained by numerical integration of formulas in the literature. For the case of the options on the geometric average an exact closed-form solution can be derived.
As a practical method of approximating the exact values closely without a lot of unnecessary computing, we suggest using Richardson 5 extrapolation. For example, by solving the price for n = 20, 40, 60, and 80, as in Table 2 , we can fit option values as a cubic function of l/n. By extrapolating this function, we obtain an approximation to the value corresponding to n = Because computational complexity grows as n 3 , solving the problem for the four values of n suggested above is equivalent to solving a single problem for n = 93. We note that the value obtained by using our approach in conjunction with the Richardson extrapolation produces option prices that agree with the accurate prices to within one penny.
Summary
With the increased sophistication of financial instruments, applications involving options on several assets have increased. Such applications include certain types of currency-linked and commodity-linked bonds, the delivery options under some futures contracts, and dynamic asset allocation strategies [see Smith (1988) ]. This article provides a method for the valuation of options when there are several underlying assets. The method extends the lattice binomial approach of Cox, Ross, and Rubinstein, which has been so useful in the one-dimensional case. A feature of the method is that it can readily handle the early exercise feature of American options. We illustrate the accuracy of the method in the three-asset case.
